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THE GENERAL QUASILINEAR ULTRAHYPERBOLIC 
SCHRODINGER EQUATION 

C. E. KENIG, G. PONCE, C. ROLVUNG, AND L. VEGA 


1. Introduction 

In this article we consider nonlinear Schrodinger equations of the form 

{ d t u — —i d Xj (a jk {x, t, u, u, Vu, Vu)d Xk u ) 

+ b\(x, t, u, u, Vu, Vu) • Vu + b 2 (x, t, u, u, Vu, Vu) • Vu 
+ ci(a:, t, u, u)u + c 2 (x, t , u, u)u + f(x , f), 

where £ G M n , t > 0, and A = ( djk{-))j,k=i,..,n is a real, symmetric matrix. 

Our aim is to study the existence, uniqueness and regularity of local solutions to the 
initial value problem (IVP) associated to the equation (1.1). 

In the case where A = (%fe(-))yfe= i,..,n is assumed to be elliptic the local solvability of 
the IVP associated to (1.1) was recently established in |20j . Hence, in this work we should 
be concerned with the case where (ajfc(-))j,fc=i,..,n is just a non-degenerate matrix. 

Equations of the form described in (1.1) with A = (%fc(-))j,fc=i,..,n merely invertible arise 
in water wave problems, and as higher dimensions completely integrable models, see for 

example qi, in, s, ua, m, and EDI- 

There are significant differences in the arguments required for the local solvability in 
the case where A is a non-degenerate matrix in comparison with the elliptic case treated 
in 5UJ. To illustrate them as well as to review some of the previous related results we 
consider first the semi-linear equation with constant coefficients (for more details and 
further references and comments see uni, Ea, EH, and references therein) 

(1.2) d t u = -i(d 2 xi +.. + dl k - d 2 Xk+i - - d 2 x Ju + P(u, u, Vyu, V x u), 

where P(-) is the non-linearity (by simplicity a polynomial in its variables without constant 
or linear terms). 

In [El based on the smoothing effects (homogeneous and inhomogeneous, see TB1. 

PEI, i, t Z2], PH, 113) associated to the group ^ e ~ tt ^i + - +dx k~ 9 ^k+i~-~ d ^n) : j g 1} 
the local wcllposedness for “small” data for the IVP associated to m was deduced. 
In )r2j for the one dimensional case (n = 1), Hayashi and Ozawa eliminated the size 
restriction on the data in |18| . Their argument was based on a change of variable which 
transforms the equation into a new system without the term d x u , so that the standard 
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energy estimate yields the desired local result. In J2| Chihara, for the elliptic case (i.e. 
k — n in removed the size restriction on the data in any dimension n. Roughly 

speaking, the argument there first uses the ellipticity to diagonalize the system for (u,u), 
and then introduced an operator K so that the commutator i[K] A] “controls” the term 
Kb{x ) ■ V x . This is achieved by combining some result of Doi 0 concerning the local 
smoothing effects in the solution with the sharp version of Garding inequality. 

If instead of “controlling” it one asks for the operator K to verify that 

(1.3) — i[K; A] + Kb(x ) ■ V x = 0 + order zero, 
one finds that Ii has symbol 

/»oo 

(1.4) k(x, £) = exp(— / b(x + 2s£) • £ds), 

Jo 

which is in the non-standard class studied by Craig-Kappeler-Strauss 6]. In particular, 
it satisfies that 

\d x d^k(x,£)\ < c a0 (x) l0l (O~ lt31 , a, (3 e (Z + ) n . 

However, in the non-elliptic case with coefficients depending just on the space variable 
x, the geometric assumptions in 0 (Chapter 3.1, section 3.1) does not hold for the relevant 
symbols. 

The local wellposedness of the IVP associated to the equation in (11.211 (1 < k < n ) 
was established in [T^. The method of proof there, among other arguments, utilizes the 
symbol class S$ 0 of Calderon-Vaillancourt |3j However, this approach does not seem to 
extend to the variable coefficients case. 

Next, we consider the linear IVP 


(1.5) 


d t u = -id Xk a jk (x)d Xj u + b 1 (x) -Vu + b 2 (x) ■ Vu + f(x, t ), 
u(x, 0) = Mo( a; )- 


We recall the notion of the bicharacteristic flow associated to the symbol of the principal 
part of the operator —d Xk ajk(x)d Xj , i.e. h(x,£) = a 3k {x)^ k ^ r 

Let (A(s; x 0 , ^o)j 5(s; x 0 , £o)) denote the solution of the Hamiltonian system 


( 1 . 6 ) 


( d 


—Xj(s-,x o,fo) = 2aj k (X(s;x 0 ,£ 0 ))E k (s;x 0 ,{;o) = 9^h, 


-^Ej(s-x 0 ,^o) = -d Xj ai k (X(s-,x 0 ,^ 0 ))E k Ei(s]x 0 ^ 0 ) = -d Xj h, 


for j = 1,.., n, with data 


(A(0; x 0 , ^ 0 ), 5(0; x 0 , £ 0 )) = (x 0 ,^ 0 ). 
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Under mild regularity assumptions on the coefficients a-jk(x)'s the bicharacteristic flow 
(X(s; xq, £ 0 ), S(s; x 0 , £ 0 )) is defined in the interval s G (—5,5) with 5 = S(x 0 ,C, o) > 0 
depending continuously on ((Co,£o)- 

If the operator —CLjk(x)dl kX . is elliptic, i.e. ( aj k (x )) is positive definite, using that the 
flow preserves h. i.e. 

n 

H h h = (d$,hd x .p - d x ,hd^p) = {h,p} = 0, 

j =i 


one has that 

u- 2 \U 2 <\E(s;x 0 ^ 0 )\ 2 <u 2 \^\ 2 . 

Hence 5 = oo, i.e. the bicharacteristic flow is globally defined. In the non-elliptic case 
one needs to prove it. 

In P3] Ichinose established that for the L 2 -local wellposedness of IVP (11.51) . with 
—d Xk a,jk(x)d Xj elliptic and bo(x) = 0, it is necessary that 


(1.7) 


sup 

xGM 71 jOjgS 71 - 1 ,R>0 


C R 


Im / bi(X(s;x,u))-E(s;x,u)ds 


< oo. 


This extends previous results of Mizohata sa and Takeuchi ESI for the constant coef¬ 
ficient case, where (X(s; x 0 , £ 0 ), S(s; £ 0 , £o)) = (x 0 + 2s£ 0 , £o)- Notice that in this variable 
coefficient case the “integrating factor” in El reads 


( 1 . 8 ) 


k(x,f) = exp(— / 6i(Jf(s;i,{)) • 2(s;i,£)ds). 


The condition o justifies the following “non-trapping” assumption. The bicharac¬ 
teristic flow (HSI) is non-trapped if the set 


{X(s; Xq, £ 0 ) : s G M + } 


is unbounded in M" for each (t 0 ,^o) G x M n — {0}. 

As it was already mentioned the IVP for the equation El with {a jk {-)) j>k= elliptic 
was studied in [2Dj. There the local solvability was obtained under regularity and decay 
assumptions on the coefficients. Also a non-trapping character of the bicharacteristic flow 
associated to the principal symbol of the elliptic operator 


- d x . (a jk (x, t, u, u, V x u, V x u)d Xk 

when evaluated at the data u(x, 0) = u 0 (x) and at a time t — 0 was assumed, i.e. the 
bicharacteristic flow associated to the symbol 


(1.9) h(u 0 ) = h uo (x ,£) = a jk (x,0,u o ,u o , X x u 0 , V x u 0 )£j£ k . 

The proofs of the semi-linear results in [T5J, [,S.j follow a fixed point theorem (via 
contraction principle). This approach does not extend to the quasi-linear case, thus in 
|20J the proof used the so called “artificial viscosity” method. 
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We recall that one of the advantages of the contraction principle approach is that it 
also provides the continuity (in fact, the analyticity) of the solution upon the data. 
Returning to the non-degenerate case, in [2] the following semi-linear IVP was studied 


T d t u = -id Xk a jk {x)d x ,u + bi{x) ■ Vu + b 2 {x) ■ Vu 
(1.10) < + c\(x)u + c 2 (x)u + P(u, Vu, u, Vu), 

[ u(x, 0) = w 0 (a;), 

where the non-linearity P is given by a polynomial without linear or constant terms. 
Under the following assumptions: 

(a) (Non-degeneracy) There exists v G (0,1) 

H£l < x,feR n , 


where A{x) = {a jk {x))^ k =i,..,n- 

(b) (Asymptotic Flatness) There exist Co > 0 and N, M G Z + large enough such that 

|a| < M, j, k = 1,.., n, 


(1.11) 

1 dx(a jk (x) a ° jk )| < ^ 

where 


(1.12) 

Ah = (Ujfc)yfc=l r .,n = 


Ikxk 

0 


0 


/ (n — 


(n—k) x ( n—k ) 


(c) (Non-trapping condition) The initial data Uq satisfies that the bicharacteristic flow 
associated to (USD is non-trapping. 

(d) (Growth condition of the first order coefficients) There exist Co > 0 and N, M G Z + 
large enough such that 

Co 


(1.13) 




(x) 


N ’ 


\ot\<M, j — 1,2, k — l,..,n. 


(e) Regularity of the coefficients For J G TP sufficiently large 

a jk , b mj , c m G C J h (M n : C), j, k = 1,.., n, m = 1, 2. 
the following result was established in EH- 


Theorem 1.1. | 23 ] There exist s, N > 0, s > N, and N > 0, depending only on n, such 
that for uo G H s (R n ) fl L 2 ((x) N dx) there exists T = T(||wo|| s , 2 , || (o:) iV//2 wo|| 2 ) > 0 such that 
the IVP (11.101) has a unique solution u defined in the time interval [0, T] satisfying 

u G C([0, T] : H s (R n ) n L 2 ((x) N dx)) = Xf N . 


Moreover, 



J s+1 / 2 u(x,t)\ 2 (x) ^dxdt < 00 , 
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and for every u 0 G hP(R n ) n L 2 ((x) N dx) there exists a neighborhood IX ofu 0 and a T' > 0 
such that the map data —> solution of is continuous from IX into Xfp. 

Here || • || Sj2 denotes the norm in the Sobolev spaces H s (M. n ). 

As in the previous semi-linear cases the proof in ES was based on the contraction 
principle. 

In this non-degenerate case the operator describing the “integrating factor” in m has 
not been shown to be an L 2 -bounded operator. However, thanks to the local smoothing 
effects it suffices to solve m up to “small” first order term. This is achieved in [2Tj by 
introducing a new class of symbols. 

Definition 1.2. (i) It will be said that a G S(M n : 5™,) (where S™ 0 the class ofip.d.o’s of 
classical symbols of order m) if a G C°°(R n x R" x R n ) and a satisfies 

(1.14) \(zra;^a(s:x,0\ < W 7 (0" H ' rl , Vz,x,{ e (Z +)», V ft o,/), 7 e (Z+)" 

(ii) For a G §(R n : Sft) let 

(1-15) b(x, 0 = x(|^|)a(P(a:, A h f); x, £), 

where P(y,z ) = y — (y ■ z)z/\z\ 2 for y,z G R ra , z ^ 0, is the projection of y onto the 
hyperplane perpendicular to z, Ah as in (11.121) . and x € C°°(R n ) with xif) = 0 for \l\ < 1 
and x(l) = 1 for \l\ > 2. 

In fact, we showed in |2Tj that it suffices to have dm for sufficiently large /i, a, j3, 7 G 

( Z) n . 

We observe that if a G S(R n : S™ 0 ), then 

e §(® n : Si 0 ), k — m + \P\ — M, 

i.e. this class is closed with respect to differentiation and multiplication in the ^-variable. 
We shall show below that this class is also closed with respect to differentiation in the 
x- variable. 

Roughly speaking, for r G Z + large enough 

is a symbol in the class S™ 0 . 

In HU, we deduce several properties of operators with symbol in our class. These 
include their continuity from H m ( R n ) to L 2 and their composition rules with classical 
differential operators P(x,d x ) with decaying coefficients, i.e. with P(x,d x ) = <f a (x)df. 
with \x\ l (p a bounded for l G Z sufficiently large. 

The proof of the nonlinear results concerning the IVP ADHD relics on two key linear 
estimates. The first one is concerned with the smoothing effect described for solutions of 
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the IVP ( 11 ,5|) with ( a,jk(x )) being just an invertible matrix 
[ [ \J s+1 ^ 2 u(x,t)\ 2 (x)~^dxdt 


(1.16) 


or 


(1.17) 


< c(l + T) sup \\u(t)\\l 2 + c 

0 <t<T 


\J s+1/2 u(x,t)\ 2 {x) ^dxdt 


< c(l + T) sup ||«(t) 112,2 + 

0<t<T 


| f(x, t)\ 2 dxdt , 


|J S ^ 2 f(x, t)\ 2 (x)^dxdt 


for TV > 1. 

The second is related with the local wellposedness in L 2 (and in H s ) of the IVP (11.51) . To 
establish it we followed an indirect approach. First, we truncated at infinity the operator 
£(x) = —d Xk ajk(x)d Xj using 6 G C'“(M ri ) with 9{x) = 1, |x| < 1, and 9{x) = 0, |x| > 2. 
For R > 0 we define 


( 1 . 18 ) L r (x) = 9{x/R)L{x) + (1 - 6(x/R))L °, 

where £° = —o° jk d 2 , A h = {a (2 k ) Jt k=i...,n as in (11.121) . with the decay assumption 
cijk(x) — cij k G S(M"), j, k = 1, ..,n, (the same proof worked if one just assumed that 
the corresponding estimate held for a sufficiently large number of semi-norms of S(M n )). 
Thus, 

L(x) = L r (x) + E r (x). 

For R large enough we considered the bicharacteristic flow ( X R (s ; x, £), S R (s; x, £)) associ¬ 
ated to the operator L R (x) and the corresponding integrating factor K R , i.e. the operator 
with symbol as in m but evaluated in the bicharacteristic flow (A^( 

We deduced several estimates concerning the operator K R . In particular, we showed in 
j21| that there exists Nq G Z + (depending only on the dimension n ) such that for any 
M G Z + there exist N\ = N\ (M) G Z + and Ro sufficiently large such that for R > Rq it 
follows that 

sup \\K R u(t)\\ 2 2 < Coi? Ar °||u( 0)||2 

0 <t<T 

( 1 . 19 ) ,T , 

+ R~ M / / | J l / 2 u\ 2 {x)~ N dxdt + CqTR N o+Ni{ ' M ' > sup ||x 7 ( 7 )|||, 

Jo J R™ 0 <t<T 

for N large enough depending only on the dimension n. In j21j the coefficients in dnnp 
were taken in the Schwartz class §(M n ). However, it is clear from the proof there that 
the same argument works if one just assumes that a fixed large number of semi-norms 
of §(M ri ) of the coefficients are bounded. In this case, M will be chosen depending only 
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on the decay of the coefficients. More precisely, one chooses M = M(N), M(N) j oo as 
N 'l oo, with N as in (11.111) . (jl,13[) . 

To complete the estimate one needs to consider the operator E R = / — K R (K R )*,where 
the symbol of K R differs from that of K R only in the sign of the exponent, and (Ii R )* is 
the adjoint of Ii R . It was established that E R u(t) satisfies an estimate similar to that in 
dump . Combining these results we get that 

sup ||u(t)||2 < c 0 /? jv °||m(0)||2 

0 <t<T 

fl.20) + R~ m [ [ | J l ^ 2 u\ 2 {x)~^dxdt + cqTR N o+Ni<<m ^ sup ||xt(t)||| 

v ’ ' J o ir o <t<T 

+ c 0 R No j I \f(x,t)\ 2 dxdt. 

Jo J R n 

From dnnp and gup fixing T small enough one gets that 

(1.21) sup ||rt(t)||| < coT?^ 0 ||tx(0)||| + c 0 R N ° f I \f(x,t)\ 2 dxdt. 

0 <t<T Jo J Rn 


This allows to use the contraction principle to obtain in ED the desired nonlinear result. 
Returning to the IVP dO we shall assume that the coefficients satisfy the following 
hypotheses: 

(HI) Non-degeneracy. Given r 0 > 0 there exists 7 ro G (0,1) such that for any 


( 1 . 22 ) 

where B ro (0) 
(1.23) 


(x,t,z) 6l"xRx ((R ro (0))) 2n+2 = D ro , 
Trnlfl < | a jk (x,t,z)£\ < G M n , 

{z G C : \z\< r 0 }, and with 

A(x, 0, 0) (cLjk^X) 0, 0))j ) J k=l,..,n 

Aq(x) + Ah ~h 


where for some N, M G Z + large enough 

(1.24) \d*a 0 jk{x)\ < M < M j,k= 1 ,..,n, 

and A h as in El- 

(H2) Asymptotic flatness. There exists c > 0 such that for any (x, t) G M” x R and 
0<H< M, 0 < | ex'| < M it follows that 

(1.25) \d°a jk (x,t,0)\ + \d t d^'a jk (x,t,0)\ < y^y, 
for k,j = 1, ..,7i with N , M as in El- 
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(H3) Growth of the first order coefficients. There exist c, c 0 > 0 such that for any x G 
M" and any ( x , t) G M n x R 


(1.26) 


\d%b m Ax, 0 , 0 )| < 


Co 

(x) N ’ 


\d t dfb m A x,t,0)\ < 


{.x ) N ’ 


a;| < M, m = 1, 2, j = 1, n, 
jct| < M, m = 1, 2, j = 1, n, 


where bi = ( 6 { 1 ; bi n ), 1 — 1,2 with N, M as in (11.241) . 

(H4) Regularity. For any J G Z + and r o > 0 the coefficients 


(1.27) a jk , h., 62 , G C/(IT xKx ((T? ro (0))) 2n+2 ), 

and 


(1.28) c 1; c 2 G Cl (M n xRx ((R ro (0))) 2 ). 

Our main result is the following. 


Theorem 1.3. Under the hypotheses (HI)-(HJ f ) there exists N = N(n ) G Z + such that 
given any 

(1.29) u 0 G 77 s (M n ) with (x) N dfu 0 e T 2 (M n ), |a| < Si, 
and 

(1.30) / G L 1 (M + : H s (M. n )) with (x) N dff G L\R + : T 2 (M n )), \a\ < s u 

where s, s iGZ + , sufficiently large with s > si + 4, for which the Hamiltonian flow Hh( uo ) 
associated to the symbol 


(1.31) h(u 0 ) = h uo (x,f) = ^ a jk (x,0,uo,uo,Vu o ,\/uo)fjfk, 

j,k =1 

is non-trapping, there exist T 0 > 0, depending on 

a = ikiu 2 + W ( x ) Nd x u oh 

|ai|<si 

/ oo roc 

\\f(t)\\s,2dt + J2 / \\( x ) Nd xf(t)hdt, 

|ai|<si 

the constants in (Hl)-(HJfl) and on the non-trapping condition (H5), and a unique solution 
u = u(x,t ) of the equation in ( 11 . 11 ) with initial data u(x, 0 ) = u 0 (x ) on the time interval 
[ 0 , To] satisfying 


(1.32) 


u G C([0, T 0 ] : 77 s - 1 ) O L°°([0, T 0 \ : 77 s ) 0 C7 1 ((0, T 0 ) : H s ~ 3 ), 
(x) N dfu G G([0,T 0 ] : L 2 ), |a| < Si. 
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Moreover, if (■ u 0 , /) G H s ' (M n ) x L 1 (M + : H s ' (M n )) with s' > s then (11,321) holds with s' 
instead of s in the same time interval [0, To]. 

Remarks Here, we are not concerned with the problem of estimating the optimal values 
of s, Si or N in Theorem Q 

Also we shall not attempt to obtain the sharp form of the persistence property of the 
solution, (i.e. u G C([0,T 0 ] : H s (R n ))) as well as the continuous dependence of the 
solution upon the data. These can be established by combining the argument in [2] with 
our key a priori estimates in Lemma 2.1. 

Similarly, from our arguments it is easy to deduce that the local solution possesses the 
local smoothing effect, i.e. if uq G H s (M . n ), then J s+1 / 2 u G L 2 (M n x [0, To] : (x)~^dxdt). 

The use of the weights in Theorem 1 1. 31 comes from two sources. First, in order to convert 
L 1 conditions, such as (H2D, into L 2 conditions. Secondly, one needs them in order to 
maintain the asymptotic flatness condition (H2), when 0 is replaced by (u,u,'V x u,'V x u), 
for a solution u. 

As it was mentioned quasilincar results as those in Theorem II.hi cannot be obtained 
by using just a fixed point argument. Instead, as in ra. we shall rely on the artificial 
viscosity method. First, we consider the linear problem 

{ d t u = —eA 2 u — i d Xj (aj k (x, t)d Xk u) + &i(x, t) • Vu + b 2 (x, t ) • Vu 
+ Ci(x, t)u + c 2 (x, t)u + f(x, t ) = —eA 2 u + L(x, t)u + f(x, t ), 
m(o;,0) = uq(x) , 

with e G (0,1). The main step is to obtain the following a priori estimate for solutions of 
the linear IVP dUSSD : there exits T > 0 such that 

(1.34) sup H*)||2 <c t (|MI+ [ T wmwldt), 

0 <t<T Jo 

with T, c independent of e and depending on an appropriate manner on the coefficients 
in (II.331b 

The inequality (11.3411 will be proved under general hypotheses on the coefficients in 
(1031) . This will allow us to fold a class of functions such that when the coefficients of 
the equation in m are evaluated in an element in this class they satisfy these general 
hypotheses. 

We denote by u e the solution of the following nonlinear IVP associated to equation in 

(HH) 

' d t u = -eA 2 u - i d Xj (a jk (x , t, u, u, Vu, Vu)d Xjk u) 

+ bi(x, t, u, u, Vm, Vu) ■ Vu + b 2 (x, t, u, u, Vm, Vu) ■ Vu 
+ ci (a;, t, u, u)u + 02 ( 0 ;, t, u, u)u + f(x, t ), 

, u{x, 0) = u 0 (x). 


(1.35) 
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The viscosity method provides the solution w e , in the appropriate class, in the time 
interval [0, T e ] with T e = 0(e). Evaluating the coefficients in (II.351) in this solution we 
get a linear problem as that in (IT55D for which the estimate (1131 holds. This a priori 
estimate allows us to extend the solution u e , in the same class, to a time interval [0, T 0 \ 
with T 0 independent of e G (0,1). 

Once the estimate (11.341) is available the proof of Theorem 11.31 follows an argument 
quite similar to that explained in detail in [2D,j. So we shall concentrate in the proof of 
the inequality (O). This will be given in section 2, Lemma f2.II 

Finally, we point out another difference between the elliptic quasi-linear case and the 
non-degenerate one. 

In (HI the following general class of quasilinear equation was considered 

{ d t u = -id Xj (a jk (x,t,u,u, Vu, Vu)d Xk u + d Xj (b jk (x,t,u,u, Vu, Vu)d Xk u 
+ 6i(x, f, u , u, Vw, Vh) ■ Vu + b 2 (x, t, n, n, Vu, Vu) ■ Vu 
+ Ci(x, t , u , u)u + c 2 (x, t, n, u)u + f(x , t), 

where (b jk ) is a symmetric complex valued matrix. 

Under the cllipticity assumption : given r 0 > 0 there exists 7 ro > 0 such that for any 

(. x,t,z ) E R" x I x ((5 ro (0))^" +2 , 

it follows that 

(a jk (x,t,z)£,£) - \ (b jk (x,t,z)C,0\ > 7roK| 2 , G M n , 

with B ro ( 0) as in (11.221) and similar assumptions on the asymptotic flatness, the growth 
of first order coefficients, the regularity of the coefficients, and a non-trapping hypothesis 
it was established in ra that the IVP associated to the equation (II .3(3(1 is locally well 
posed. 

The non-trapping hypothesis in was the following : Given u 0 £ H r (M. n ), r > n/2 + 2, 
define 

rzr 2 (x, 0, £) djk (*U 0, Mo, U 01 Vuq, Vuo)C, k ^j j 
zu 3 (x, 0, f) = -b jk {x, 0, Mo, ho, Vn 0 , Vu 0 )6c£q 

and 

= ^^ 2 fa, 0,0 ~ o,0l 2 - 

It was said that n 0 satisfies the non-trapping hypothesis if there exists 0 < rj < 1 and 
functions a{x, £), a\(x, £) such that 

k(x^) = a(x,£) + r}a 1 (x,£), 

(with a(x,£) real, homogeneous of degree 2, with |<9fa(x,£)| G C' 1,1 (M n x M n ), \/3\ < N[n) 
and 0(£)a(x,£) G C N ^(R n x M n ), where 0 = 1 for |£[ > 1, 6 = 0 for |£| < 1/2, 
6 G C'°°(M n ), with Q\ verifying similar estimates), the Hamiltonian flow H a associated to 
the symbol a is non-trapping, for more details see 12T)| . 
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In the non-degenerate setting the equation in (II. d til) does not allow for a more general 
one that that considered in (O). This is due to the following linear algebra result (whose 
proof follows by induction). 

Lemma 1.1. Let A, B be two n x n matrices, A be real symmetric non-positive and 
non-degenerate, and B a symmetric complex valued one such that 

{M, 0 = 0 implies (££, £) = 0 . 

Then there exists A G C such that B = A A. 


2. The linear problem 


In this section we shall consider the linear IVP 

{ d t u = - id Xj (a jk (x,t)d Xk u) +b 1 (x,t) ■ Vu + b 2 (x,t ) ■ Vu 
+ ci(x, t)u + c 2 (x, t)u + f{x, t ) = L(x, t)u + f(x, t), 
u{x, 0) = u 0 (x), 

where x G R n , n > 1, t G [0, T], with T > 0, and its associated e-viscosity version 


d t u = — eA 2 u + L(x, t)u + f(x, t ), e G (0,1), 

u(x, 0 ) = u 0 (x), 


under the following assumptions: 

(H;l) Non-degeneracy : A(x,t ) = {ajk{x,t))j^=i,.., n is a real symmetric matrix and 
there exist 7 , 70 G (0,1) such that for any £ G M n , (x, t) G I n x [0, T\ 


(2.3) 


T 7|f| < < 7 J |£l> 

( 7 o|f| < |Al(x, 0 )£| < 7 o" 1 |£|, 


with 

(2.4) 


A(x, 0) {cijk{x^ 0))j J /c=l r . 5 n 

Aq(x) Ah (^OjA;(^))j,fc=l,..,n “1“ ( K Q j jk)j,k=l,..,n 


where for some N, M G Z + large enough 

(2.5) \d°a 0tjk (x)\ < |af| < M, j,k = 1 

and Ah as in EH- 

(H;2) Asymptotic Flatness : There exists c > 0 such that for all £ G R n , (x, t) G 
R n x [0, T], j,k = 1, and 0 < |a| <M, 0 < \a'\ < M 

(2.6) \d°a jk (x,t)\ + \d t d°'a jk (x,t)\ < 
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with N, M as in H,l. 

(Eh 3) Growth Condition of the First Order Coefficients : There exist c, Co > 0 such 
that for all £ el", (x, t) e R n x [0, T\ 


(2.7) 


\d°b m .(x,0)\ < 


co 

(x) N ’ 


a\ < M, m = 1 , 2 , j — 


and 

( 2 . 8 ) 





a\ <M, m— 1,2, j = l,..,n, 


with N, M as in H t 1. 

(H;4) Regularity of the Coefficients : 


(2.9) 


Ojt, imp Cm e C t J (R" x [0,71), j, k 


1 , n, m = 1 , 2 , 


with J = J(n ) G Z + sufficiently large such that the proofs below involving -0.d.o’s can be 
carried out, with norm 


(2.10) l|d"<9 t r d||L~(R"x[0,T]) < Cj, \a\ + r < J. 

with d = a jk , b rnj or c m , j, k = 1,.., n, m = 1, 2. 

(H/5) Non-trapping Condition : The bicharacteristic flow associated to the symbol of 
A(x, 0) (see (12.41) 1. i.e. 

n 

(2.11) hl(x,£) = a jk (x, 0)£j£ fc 

j,k =1 

is non-trapping. 

We shall use Co to denote a generic constant which only depends on the coefficients 
evaluated at time t = 0. 

The main ingredient in the proof of our main result Theorem II .31 is the following 
estimate for the solution of the linear IVP m- 


Lemma 2.1. There exist Co = co(yo, Co, n) > 0 with 70 as in (12.31) . Co as in (12.51) and (EH). 
and the constant c 0 in Lemma \£~1\ below, N = N(n), and K 0 >0, T 0 e (0, T\ depending 
on EH-EH3) such that for T G (0, T 0 ) the solution of the IVP ( 12 . 21 ) u e satisfies 

pT r 


( 2 . 12 ) 


sup \\u e (t)\\ 2 + 

0 <t<T 


| J 1 ^ 2 'U e | 2 (x) N dxdt 


'o 


< c 0 e KoT (\\u 0 \\ 2 + / \\f(-,t)\\ 2 dt). 


Moreover, EH 1 ) still holds if we replace its last term by 


| J l ^ 2 ffx, t)\ 2 (x) ^dxdt) 1 / 2 . 








SCHRODINGER EQUATION 


13 


We recall the class of ^.d.o’s introduced in Ht 

*.f(x) = J e**a(z, ()/(()<!(, 

with symbol 


with y as in cm 


= x(\t\)a(P(x,A h £)-,x,£), 


P(x, AO — x ( X | ^ )A h £, 


l£| s 


i.e. P(x,A h 0 is the projection of x into the hyperplane perpendicular to AO and 

a = a( S ;x,Oe§(r:5 1 m 0 ), 

§(•) denoting the Schwartz class, and S™ 0 the class of classical symbol of 0-d.o’s of order 

m. 

In PJ (Theorem 3.2.1) we prove that 

(2.13) ||*a/|| 2 < c\\f\\ m , 2 . 

We shall use that our class is closed under differentiation of the symbol in the ^-variable. 

Lemma 2.2. Let 

a a (x,£) = c%(a(P(x,A h g);x,g)x(l€l)), 

with a(s]x,f) as above. Then a a (x,£) defines a symbol in our class. Moreover, 

(2.14) 1IT,„/I| 2 < e«||/|| m , 2 . 

Proof. First we consider the case a = (1, 0, ..,0). So 

d xl a(P(x,A h £);x,f) 

f)n n f) n ftp 

( p ( x , AO; 0 + AO; 0 o—AO- 


dx 


• i dz i 
3 =1 


Since 


d Xl (P(x,A h £))j = d Xl (xj - - y (AOj) = s ij ~ 


dx\ 

(A0i(A0j 


J io 2 io 5 

it follows that (see remark 3.1.3(b) in fd) 

d xi a(p(x, AO^OxdO) = bi(P(x, A0; a; >0x(l0))> 

with bi = bi(z] x, 0 e S(M n : S£* 0 ) which yields the result. 

The proof of the general case combines the above argument and induction in |a|. □ 
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Using the notation 


(2.15) £ = L(x,t) = -d x .(a jk (x,t)d Xk -), 

and taking complex conjugate in the equation m we obtain the system 


(2.16) 

where 

(2.17) 


d t w = —eA 2 Iw + iHw + Bw + Cw + F, 
w(x,0) = w 0 (x), 


w = 



F = 



> 


(2.18) 



B = 


b 2 (x,t)-V 


b 2 (x,t ) • V 


*5i 


with b i E 5j’ o with odd symbol in £, and C a 2 x 2 matrix of i/i.d.o’s of order zero. 

At some point we will take derivative of the equation in ED- so the new coefficients of 
Vu will be a combination of the original ones and some derivatives of the ajk s. In fact, 
these coefficients depend on the order of the derivative just as a multiplicative constant. 
For this reason we consider a general &i e S } 0 with odd symbol in £ in (12.151) . (12.181) . 


Lemma 2.3. There exists N e Z + such that for any Tq e (0, T\ and any e E (0,1) the 
solution w e = w of the IVP ESP satisfies 


(2.19) 



| J l / 2 w\ 2 (x) ^dxdt < (cq + cTq) sup 

0<t<To 


\\Aw(t)\\ldt + c 0 [ \\F(t)\\ 2 2 dt, 


urn 


2 

2 


Jo Jo 

where Co depends only on the coefficients evaluated at t = 0 and on Lemma 2.1 and c 
depends on the estimates in flU- ESP . 


To prove Lemma 12.31 we will follow the argument in ^Tj (Lemma 5.1.3). First, we recall 
Lemma 5.1.1 in S3. 

Lemma 2.4. Let A(x, 0) be as in (12.41) . Assume that the bicharacteristic flow is non- 
trapped, i.e. 

{A(s;x 0 ,£o) : s E M + } 

is unbounded for any (a; 0 ,£o) E M. n x W 1 — {0}. Suppose A G L 1 ([0, oo)) D C([0,oo)) is 
strictly positive and non-increasing. Then there exist Co > 0 and a real symbol p E S%, 
both depending on h^fx,^) in (12.111) and A such that 

H h op = {h° 2 ,p}(x,f) > A(|x|) |£| - c 0 , V (x,£) E M” x M n . 
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We fix N as in El, (ESI), El, and El, and choose 

AM = 1/(1+ pT /2 = </>}" 

to obtain the following time dependent version of Lemma 12.41 

Lemma 2.5. These exists T 0 > 0 depending only on Hi2 such that for any ( x, f) G R"xl n 

(2.20) H h jp = {h 2 -,p}(x,t,£) > - 2c 0 , 

2{x) N 

where 

(2.21) h 2 = h 2 (x, t , 0 = a jk (x, t)f k fj, 
and p G 5° 0 is the operator in Lemma \if~f 1 

Proof. We recall the notation 

h° 2 (x,f) = a jk (x, 0)f fc fj. 

By dehnition 

H h2 P = d^h 2 d Xj p - d Xj h 2 d^p 

= 2 a jk (x, t)f k d Xj p - d Xj a jk (x, t)^ k Qd^p. 

From our hypothesis H/2 it follows that for any t G (0, T 0 ] 

I d^h 2 (x,t,f) - d^h° 2 (x,^)\ 

= 2| (a jk (x,t) - a jk (x, 0))£ k \ < c <~pv 1^1’ 

and 

\d XJ h 2 (x,t,£) - d Xj h° 2 (x,f)\ 

T 

\^ x .Oj k {x : t) d x Mj k (^X, 0))£fc£j | ft C- r^-|£| ■ 

\X) 

Since p G choosing N N one has that 

\H h 2 p-H h op\ < 

(x) w 

From Lemma f2.41 we know that 

HhOpM > - CO, 

so taking T 0 sufficiently small we obtain the desired result STM . □ 

Now we shall prove Lemma 12.41 








16 


C. E. KENIG, G. PONCE, C. ROLVUNG, AND L. VEGA 


Proof. Let 

( 2 . 22 ) 


k(x,0 = 


exp(p(x,£)) 

0 


0 


-exp(p(x,£))J ’ 

where p & S® 0 is the symbol in Lemma 12.51 so K = 4/*, is a diagonal matrix of ^.d.o’s of 
order zero. We calculate 

d t (Kw,w) = (Kd t w,w ) + (. Kw,d t w) 

= —e((KA 2 Iw,w ) + (Kw, A 2 Iw)) 

(2 21 ) 

1 ; + ((i[KH - HK\ + KB + B*K)w,w) 

((KC + C*K)w, w) + (KF, w) + (Kw, F). 

We disregard the symbols of order zero and consider first the symbol of i[KH — HK] + 
KB + B*K, i.e. 

cr(i[KH - HK] + KB + B*K), 

which is equal np to a symbol of order zero to 

_ e p( H h 2 P 0 \ +e p( b\(x, t, £) 2 ib 2 (x,t)-C 


(2.24) 

We write 


V 0 H} l2 p 


b 2 (x,t ) = b 2 (x, 0 )+t 


-2 ib 2 (x,t)-i bi(x,t,0 

b 2 (x,t) - b 2 (x,0) 


t 


with a similar identity for bi(x,t,£). Also since K = has order zero it is easy to see 
that 

| — e((KA 2 Iw,w) + (Kw, A 2 Iw))\ < c 0 e||xZJ(t)||| 2 . 

This combined with the matrix version of the sharp Garding inequality, the hypothesis 
H;3, and Lemma 1231 yields, after integration by part, the desired result, i.e. inequality 
(12.1911 (for details we refer to the proof of Lemma 5.1.3 in 12T1 ). 

□ 


Next, we shall recall some notations and definitions used in y[L\. First, we define 

^)a jk (x, 0 )- (1 - 0 (^, 


(2.25) 


where 6 e C£° mn 


afk( x ^) = 6 {^)a jk (x, 0) + (l - b(-))a%, 

), 9(x) = 1 for \x\ < 1, and 9(x) = 0 for |x| > 2, 

(2.26) C R (x) = d Xj .(aj\(x,0)d Xk ), and L(x,t) = d Xj (a jk (x,t)d Xk ). 

We apply the operator (. K R )*, which is independent of t, to the equation in El and 


use that 


L(x, t ) = L(x, t ) — £(x, 0) + £j R (x) + £ H (x), 


iR/ 


E r (x) = d Xj ((l - 0(^-))(a jk (x, 0 ) - a° jk )d Xk ), 


R 


with 
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and 

bj(x , t) ■ V = f) — bj(x , 0)) • V + 6j(x, 0) -V, j = 1, 2. 

We shall need the following symbols used in [ 2Tj . 
bi(x,£) = -6i(x,0)^, 

P R (x,0 = —X(|^|) [ b 1 (X R (s-x^),E R (s;x^))ds, 

pf(x, o = ^(p R (z, o + -0)> 

fc*W) =exp(pf(x,0), 

fc*(z,0 = exp(-pf(x,^)). 

(X R (s;x,0,S R (s;x,0), 

denotes the bicharacteristic flow associated to the symbol of the truncated operator A R (x) 
defined in (EZEP and x as in Trm . 

We remark that after taking s-derivatives in the equation (HU and linearizing the 
resulting equation the new term bi(x,£) obtained has the form 

s ^2d Xj af k (x, 0)^£ fe 6(£)“ 2 - 6i(x,0)^. 

j,k,l 

From our hypotheses it is clear that this new b R (x,£) satisfies similar estimates than 
that in (irm 

Thus, from (EU we get 

d t (K R )*u = —e(K R )*A 2 u - i[(K R )*; + iL R (K R )*u 

+ i[(K R )*\ (L(x, t ) — £j(x, 0))]w + i(Z>(x, t ) — 0))(A' i? )*M 

+ iE R (K R )*u + i[Z R - ( K r )*]u 

* +(K R yb 1 (x,0)-\7u+(K R )*(b 1 (x,t)-b 1 (x,0))-Vu 

+ (. K R )%(x , 0) • Vu + (K- R )*(b 2 (x, t ) - & 2 (a;, 0)) ■ Vu 
+ ( K R )* f + terms of order zero mw. 

Next, we shall estimate 

(2.29) d t ((K R )*u, (K r )*u) = jJ\(K R )* u\ 2 (x,t)dx. 

After using the equation RFM to estimate dm we separate the terms obtained into 
four groups I K]V j = 1, ..,4. 


(2.27) 


where 
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In Ik-i we set the terms with coefficients independent of t, i.e. those involving the 
operators 

^(x), b\(x, 0) ■ V, h{x, 0)-V, £ H (a;), 

in the equation. 

In Ik -2 on e has the terms involving the difference of the coefficients at the time t and 
time 0, i.e. the terms containing the operators 

(E(x,t) - £0,0)), (&i(a;,£) - &i(a;,0)) • V, (b 2 (x,t) - b 2 (x, 0)) • V. 

Ik- 3 contains the terms coming from the e viscosity part of the equation, i.e. 

-e((K R )*A\ ( K r )*u) - e((K R )*, (. K r )*A 2 u ). 

In Ik-4 we collect the terms of order zero and those coming from the inhomogeneous 
term f(x,t). From the L 2 -continuity of (K Ti )* they are bounded by 

(2.30) ci? 27Vo || M (t)||2 + ci? 27Vo || M (t)|| 2 ||/|| 2 , 

with Nq depending only on the dimension n. 

Similarly, we shall estimate 


(2.31) 

where 


d t {E R u,E R u) = 


d 

dt 


E r u\ 2 (x, t)dx. 


I = E r + K r (K r )*, 

see Lemma 5.2.6 in [23]. 

Thus, 

dtE R u = -eE R A 2 u + iE R L(x, t)u + E% (x, t) ■ Vu 
+ E R b- 2 (x, t ) ■ Vh + E r ci(x , t)u + E R c 2 (x, t)u + E R f. 
Inserting the identity 


(2.32) 


E R E(x, t ) = E r E(x, 0) + E r (E(x, t ) - C(x, 0)) 

(2.33) = £(x, 0 )E r + [E r ; L(x, 0)] + (£(z, t) - E(x, 0 ))E R 

+ [E R ;E(x,t) - L(x, 0)], 

into the equation and gnu we split the terms obtained into four groups Is-j, j = 

In Ie-i we place the terms with coefficients independent of t coming from the expressions 
E R (x), bi(x, 0) • V, b 2 (x, 0) ■ V, E R (x), 


in the equation. 
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Ie -2 contains the terms involving the operator 

~ C(x, 0 )), 

(in this case the terms involving the operators E R b 2 (x,t) ■ V can be directly 

bounded by using Lemma 5.2.6 in ED)- 

In - 3 contains the terms coming from the e viscosity part of the equation, i.e. 

-e(E R A 2 u, E r u) - e(E R , E R A 2 u). 

In I E . 4 we collect the remainder terms of order zero which using Lemma 5.2.6 in ED 
are bounded by 

(2.34) C fl 2 "»||«(()||i + cJ?'“"|| tI (()|| 2 ||/|| 2 , 

with N 0 as in G3DD- 

The terms in Ik-i and I E -i (all involving time independent coefficients) were already 
considered in Section 5 of ED. (i-e. their contribution to the equations of <mp and 
(BED )- Thus, to bound them we shall use the following inequalities proved in Lemmas 
4 . 2 . 4 - 5 . 2 . 6 in j^U- 

Proposition 2.1. There exist M = M(N) e Z + , N denoting the decay of the coefficients 
in (ESD-(EUb with M(N ) | oo as N f oo, and R 0 large enough such that for R > R 0 one 


has 


(2.35) 

Hei (E R (x)(K R )*u, ( K r )*u) = 0, 

(2.36) 

He i (C(x, 0 )E R u, E R u) = 0, 


(. K r )*]u + 0) ■ Vu, (K R )*u)\ 

(2.37) 

+ \(^(K R yu, ( K r )*u)\ + |([£ r ; ( K r Y}u , (K R y u )\ 

+ \((K R yb 2 (x,0)-Vu, ( K R Yu)\ 


< c 0 R- M \\(J^ 2 u){x)-^\\ 2 2 + c 0 R No+N ^\\u(t)\\ 2 2 + c 0 \\f\\ 

and 

|([E i? ;L(T,0)] M , E r u)\ 

(2.38) 

+ | (E% (x, 0) ■ Vu, E R u) | + | ( E R b 2 (x, 0) • Vu, E R u) \ 


< c 0 4U°||u(i)||i + coll/ll 2 , 

with N 0 as in turn N depending only on n , with N N, and N\ depending only on 
M. 
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To handle the contribution coming from the terms in Ik -2 we shall establish the following 
inequalities. 

Proposition 2.2. Take N 0 as in (12.301) . then 

l([(£0M) - £(z,0)); (K r )*]u, (K r )*u)\ 

< cTR No \\(J 1/2 u)(x)~ N \\l + cR No \\u(t)\\ 2 2 , 

Xei((C(x,t) - £j(x,0))(K r )*u,(K r )*u) =0, 

| ((K R Y(h(x,t) - &rM)) • Vu, (K R Yu)\ 

< cTR N °\\(J 1/2 u)(x)~^\\l + cR N °\\u(t)\\l, 

\((K R )*(b 2 (x,t) - 6 2 (a;, 0)) • Vu, (K R Yu)\ 

< cTR No \\(J 1 / 2 u)(x)-^\\l + cR No \\u(t)\\i 

with N depending only on n and N N. 

Proof. We write 

= (L(x, t) - L(x, 0 )YK R - K r (£(x, t) - L(x, 0))* 

where 

(£0 ,t) ~ £(x, 0))* 

= (a jk (x, t ) - a jk (x, 0 ))dj k + dj(a jk (x, t ) - a jk (x, 0))d k 
= P jk (x, t)d 2 jk + p k (x, t)d k = Q i + ©2, 

with the notation d 3 instead of d Xj . Notice that the coefficients (3j k (x,t ) and (3 k (x,t) and 
their derivatives up to order p (large enough) have strong decay at infinity uniformly in 
t G [0,T]. In fact, a sufficient number of semi-norms in the Schwartz class are bounded 
by cT for all t G [0, T], 

The term @2 yields 

(( f3 k (x,t)d k K R - K R j3 k (x,t)d k )u, (. K R Yu) 
which using Theorem 3.3.1 in [21] and the L 2 -continuity of K R can be bounded by 

TR N °\\u(t)\\l, Vt G (0,T). 

To handle @! we use again Theorem 3.3.1 in [21] to write that 
(2.43) /3j k (x,t)dj k K R — K R /3j k (x,t)dj k = + zero order terms, 


(2.39) 

(2.40) 

(2.41) 
and 

(2.42) 
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with 

d R (x,t,£) = P jk {x,t)d^(^k)d Xl K R - d Xl f3 jk (x,t)^ k d^K R . 

We recall that a symbol in our class a(x,f) when multiplied by <f(x), a fast decaying 
function in the x variable, becomes a classical symbol of the same order. 

To each term in the symbol of d R (x,t,f) we can apply the following argument. 

Claim : Let (f>(x, t ) be an smooth function with strong decay at infinity in the in¬ 
variable uniformly in t £ [0, T], with a sufficient number of semi-norms in the Schwartz 
class bounded by cT. Then 

(2.44) |<0O x,t)djK R u, (K r )*u)\ < cTR 2N ^{J l / 2 u{t)){x)-*\\ 2 2 + |Kf)|| 2 

Notation We shall use the notation ~ to denote terms whose difference can be bounded 
by a multiple of ||zx||| or by an operator of order zero. 

Proof. We have 

(K r )* u ) 

= ((x)-^(x) 2 ^cj)(x, t)djK R J 1 ^ 2 J~ l J l ^ 2 u, (.x)-"(K r )*u) 

~ {(x)- ff J 1/2 (x) 2fr (P{x,t)d j K R J- 1 J 1/2 u, (x)~*(K r )*u) 

~ {{x)-*J 1/2 {x) 3 *<i>(x,t)d j K R J- 1 {x)-"j 1/2 u, (x)-*(K r )*u) 

~ (J 1/2 {x)~^(x) 3 ^(j){x,t)djK R J- 1 (x)-^J 1/2 u, (.x)-*(K R )*u) 

~ {(x)™(j)(x,t)d j K R J- 1 (x)- fr J 1/2 u, (x)-^J 1 /2 (x)-^(A' k )*m) 

= a 3 . 

Since {x) 3N (f(x,t)djK R J~ 1 e S%, i.e. a classical if.d.o. of order zero, it follows that 

|A 3 | < cTR No \\(x)-^J 1/2 u\\ 2 \\(x)-^J 1/2 (x)-^(K R yu\\ 2 . 

Finally, using that 

(( x)-*J 1/2 (x)-"(K R )*)* = K r {x)~*J 1/2 (x)-*, 
we obtain the desired inequality dm . 

Returning to the operator d> d R whose symbol is d R (x,£) and applying our claim one 
gets that 

I (* d RU, (K r )*u)\ < cTR N °\\{x )~*+ ||u(f)|| 2 , 

which proves C32J- 

Integration by parts yields (junp . 

To prove (E3H) we write 

((K^nb^x.t) - h(x, 0)) • V))* ~ ((b,(x,t) - b,(x, 0)) ■ V)K« = a- R e sg, 
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and ~ so using an argument similar to that given in the proof of the claim 

above we get (ion . Similarly for (EH . 

□ 

To bound the terms in 1^-2 we have the following estimates. 

Proposition 2.3. There exists N 0 G Z + depending only on the dimension n such that 
for any t G (0, T 0 ] 

(2.45) \{[{L{x, t ) - E(x, 0)); E R ]u, E R u) \ < cTR N ° || u(t)\& 
and 

(2.46) %ei{(L(x, t ) — E(x, 0 ))E R u, E R u) = 0, 

Proof. With the same notation that in the previous proof we have 

(£(:r, t) - L(x, 0 ))u = dj(/3 jk (x , t)d k u). 

So using that E R = I — K R (K R )*, one sees that 
[(£(;r, t) — L(x, 0)); E r ]u 

= k^Rny-d^ix^dk) + [A' k ; dj(3 jk (x, t)d k \ (K R )*. 

First we consider the term involving [(K R )*] dj/3j k (x,t)d k \. Taking the adjoint it follows 
that 

{[(K r )*-, djP jk (x, t)d k ])* = —K R djf3 jk (x, t)d k + dj(3 jk (x , t)d k K R 
= -K R dj(y jk (x,t))d k + dj(/3 jk (x,t))d k K R 

- K R (3 jk (x, t)d 2 jk + 0 jk (x, t)dj k K R 

- ~K R (3j k (x, t)d 2 jk + Pjk(x, t)d 2 jk K R , 

since —K R dj(/3j k )d k + dj(/3j k )d k K R is an operator of order zero, see Theorem 3.3.1 in US- 
Up to symbols of order zero (bounded operator in L 2 ) the symbol of /3j k (x,t)d 2 k K R — 
K R /3j k (x,t)d 2 k is equal to 

V(x,t,0 = Pjkd^ k fj)d xl k R (x,f) - d xl fJ jk f k yd^k R (xy). 

So rj(x,t,£) G S\ 0 uniformly in t G [0, T] and rj(x,t,£) — 'St d /3i(x,t)di with d = d(x,£) in 
our class. Similarly for rj*(x,t,£), then rj*(x,t,£) — Pi( x ,t)9i^ dl - Inserting this in (12.451) 
we get 

(K r [(K r )*-, dj/3 jk (x , t)d k ]u, E r u) ~ ( K R pi(x , t)d L ^ dl{x ^u, E R u) 

^ (V b y dl{x , 0 iL,E R u) ~ ('h b )*E R u ), 

which can be bounded by ||w(i)|||, by using that Tj, is a classical ^.d.o. of order 1 and 
the continuities properties of E R deduce in Lemma 5.2.6 in 121h 

A similar argument provides the bound for the term [K R ,dj/3j k (x,t)d k ](K R )*. Collect¬ 
ing this information we get dm. 
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The proof of (12.4(11) follows by integration by parts. 


□ 


(2.49) 


The terms coming from the artificial viscosity term eA 2 , i.e. the terms in Ik -3 and Ie -,3 
will be handled by using the following inequalities. 

Proposition 2.4. 

(2.47) {e(K R )*A 2 u, ( K R )*u ) = e(A(K R )*u, A(K R )*u) + A x , 
and 

(2.48) (eE R A 2 u, E R u) = e(A E R u, A E R u) + A 2 , 
where 

INI < £fl 2,v ”||A M (i)|| 2 (|| u (i)|| 2 + ||V«(f)|| 2 ), j = 1,2. 

Proof. To obtain (ITT7I) we write 

(( K r )*A\ ( K r )*u ) 

= ([(K r )*; A]A u, ( K r )*u ) + (A(K R yAu, ( K r )*u ) 

= ([(K r )*;A}Au, ( K r )*u ) + {(K r )*Au, A(K r )*u) 

= ([(K r )*; A}Au, ( K r )*u) + ((K r YAu, [A; (K R )*}u) 

+ ((K r )*Au, (K r )*Au) 

= Hi + + f^3- 

Thus, we consider 

[A; (K R y] = A (K r )* - (K r YA = T, 

and its adjoint 

7* = ~(AK r - K r A). 

Let k R (x,C,) denote the symbol of K R such that 

k r s(x) = J e^k R ( X ,mm, 

so 

A K R f(x) = I e lx< {-\f\ 2 k R (x,f) + 2i£jd Xj k R (x,f) + A x k R (x,f)}f(f)df. 
Therefore, 

Tf(x) = J e ix <{2 i^d Xj k R (x : f) + A x k R (x : f)}f(f)df. 

From Lemma 12.21 above and Theorem 3.2.1 in [2TJ one has that the operators with 
symbols d Xj k R (x,f) and A x k R (x,f) are bounded in L 2 . Hence, we can write that 

(2.50) T = C j d x . + C 0 , and 7 = C* + d Xj (-C*), 

with Cj, j = 0,1, ..,n denoting L 2 -bounded operators. 
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Also we have that 

= d,,( Je lIi d Xl k R (x,Of(()dO - Je lI( dl n k R (x, {)/(«H, 

so that 

(2.51) T* = d x /J 3 + Co, and 7 = C* - C*d Xj , 

with Cj, j = 0,1, ..,n denoting L 2 bounded operators. 

To bound we see that 

([( K R f ; A] Am, (K r )*u) = -(7Au, ( K R )*u ) 

= -((Q + ^(-q))A«,(A' R )^) 

= -(C'*Au, (A^)*u> - ((-C*)Am,c>*.(X r )*m). 

Since an explicit computation shows that 

d Xj (K R y ~ (A^)*^., 

i.e. their difference is an L 2 -bounded operator, it follows that 

l^il <co||Am|| 2 (||m || 2 + ||(A^)*Vm|| 2 ) 

<c||A«|| 2 (||ti|| 2 + fl"»||V«H. 

Using again (1THU1) - (1THT1) we have that 

((K r )*Au, [A; (. K r )*]u) = ((K R )*Au,7u) = ((K R )*Au, (C* - C*d X] )u), 
so fl 2 can be bounded as 

|n 2 | <c 0 ||(^)*Am|| 2 (|h | 2 + ||vm|| 2 ) 

<c 0 A^||Au|| 2 (|M| 2 + ||V«|| 2 ). 

Inserting this information in QZ1SD we obtain ro . 

To obtain (12.4811 we recall that E R = I — K R (K R )* so that 

E r A 2 = AE r A + [. E r ; A] A, 

with 

[E r ; A] = ~[K r (K r )*; A] = -(K r (K r )*A - AK R (K R )*) 

= -K r [(K r )*] A] + [ k R ; A](K r Y = Ti + r 2 . 

Using G2DD-C2B and an explicit computation it follows that 

r\ = k r 7 = k R {c * - d x .q) = -d Xj k R c* + q u 
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where Qj, j = 1, ..,4 will denote L 2 bounded operators. So 

|(r 1 A M ,£ i? w>| = \{(d x .K R q + Q 1 )Au,E R u )\ 
<c 0 \\AuU\\d Xj E R u\\ 2 + \\E R u\\ 2 ). 

Combining d Xj E R = d Xj — d Xj K R (K R )* and an explicit computation one gets that 
\\d Xj E R u\\ 2 = \\(d Xj - d Xj K R (K R )*)u\\ 2 

< |M| 2 + \\d Xj K R (K R )*u\\ 2 ~ \\u\\ 2 + \\K R d Xj (K R )*u\\ 2 

< ||«|| 2 + , R JV ' o || a B 3 .( J ftr «)* tx || 2 = ||^|| 2 + 

< ||u|| 2 + R~ N ° ||^w||2, 

and consequently 

\(T 1 Au j E r u)\ < c 0 R 2N °\\AuU\\u\\ 2 + ||Vu|| 2 ). 

For r 2 we reproduce the argument in (12 .501) - (12. 5111 for K R instead of K R . So using the 
same notation we have 


r 2 = [K R - A}{K r Y = (C 0 + d Xj Cj)(K R )*, 


so as before 


\(T 2 Au,E r u)\ = |((C 0 + d Xj Cj)(K R )*Au, E r u)\ 

< | (Co(K r )*Au, E r u) | + |(C J (/i i? )*A M ,a Xj C R n)| 

< ||An|| 2 (||£ R u|| 2 + \\d Xj E R u\\ 2 ) < c 0 R 2No \\Au\\ 2 (\\u\\ 2 + ||Vu|| 2 ). 


Collecting the results in 



we get that 


J t \\(K x Tu(t)\\l + e\\(K x yAu(t)\\ 2 2 

< (oR- m + cTfl N ")||(J 1/2 M)(0(x)-*||! + c(R N ° +N ' iM> + rj? A '°)||«(()l|2 
+ c 0 ||/|l!+c 0 eJ?™ D || A«(«)|| 2 (||«(«)||2 +II V«(«)|| 2 ), 


and 


(2.53) 


lllB^III + ^IIS^Hi 

< c(R No + TiU°)||u(f)|| 2 + c||/|| 2 

+ c„ e fl 2A '-||A !1 (()l| 2 (|l«(()l| 2 +l|V M (()l| 2 ). 


We will use that E R = I — K R {K R )* so that 

\v\\ 2 = \\(E R + k R (K R )*)v\\ 2 
< \\E r v\\ 2 + R No \\(K r )*v\\ 2 . 


(2.54) 
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Also, we need the following interpolation estimates : for any l G Z + 

(2.55) i? , ||t;|| 2 ||At;(t)|| 2 <i2 2l ||t;||l+||At;||l, 
and 

(2.56) 11 Vn11o11An11 2 < ci? i ||n||2 //2 ||AuH^ 2 < c7? 4Z ||v||| + ||Z\x;|||. 
So combining fl2.52jl - fl2.53|) with (12 . 541) - (12.5611 we hnd that 


d 


j t m H )Mt)r 2 +\\E R u 


2) + tR 2N ° || Au(t)\\l 

< ( cTR No + c 0 ir M )||(J 1/2 u)(z)^||^ + c(R No+Nl{M) + TR No )\\u(^" 2 

+ 00II/WII2 + Coefi 2,Vo ||A!i(«)|| 2 (||!i(«)|| 2 + || V«(()|| 2 ) 


(2.57) 


< (cTfl w « + c a IC M )\\(J' l ' 2 u){x)- fi \\l + c(R n ° +n ' ,(m) + 

+ C0II/WII2 + ^- 2N "l|A«(i)|| 2 + c„ e fl 14N "||«(i)|| 2 . 


Thus, 

(2.58) 


j t (\\(K R ru(t)\\l+l\E R u 


l) + Jir 2JVo 


IIM*)ll: 


< ( cTR No + c 0 ^ m )||(J 1/2 m)(x)-^|| 2 + c( j R JV o+7Vi(m) + TR n °)\\u 
+ co\\f(t)\\l + c 0 eR UN °\\u 


Integrating the above inequality in the time interval (0, T) and inserting in the result 
the estimate (IXT31) we get 

r T 


0 <t<T 


sup (\\(K R yu(t)\\l + \\E R u{t )|| 2 ) + e -R 2No I \\Au(t)\\ 2 2 dt 


<||( j A r )M0)||^ + ||^u(0)|| 




(cTR No + c 0 R 


—M \ 


|| (J 1/2 w)(a;) N \\ldt 


(2.59) 


+ ( c R N o+Ni{m) + TR n ° + c 0 eR UNo ) / \\u{t)\\ 2 2 dt + c 0 \\f(t)\\ 2 2 dt 

Jo Jo 

<\\(K R )Mmi + \\E R umi 

+ (cTR n ° + cqR~ m )({cq + cT) sup ||u(f)|| 2 

0 <t<T 

+ c 0 e f ||Aw(t)|| 2 dt + c 0 f \\f(t)\\ldt) 

Jo Jo 

+ c(R No+Nl ^ M) + TR n ° + c 0 eR im °)T sup ||u(f)|| 2 + c 0 [ ||/(t)|| 2 dt 

0 <t<T Jo 
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Since M(N) | oo as N | oo, we take N in our hypotheses large enough such that 
M = lOOiVo (we recall that N 0 depends only on the dimension n). Next, we fix R > R 0 
sufficiently large and then T = T(Nq, M, R) > 0 small enough such that the following 
inequalities holds 

td-2N 0 

(cTR n ° + c 0 R~ m )(c 0 + cT) < 

f>-2N 0 

(ci? Ar ° +iVl(M) + cTR No + c 0 R 14No )T < — 

and 

c 0 (cTR No + c 0 R~ m ) < R~ No /A. 

Combining these inequalities, dm , and (1251) we get the estimate 

sup \\u(t)\\ 2 2 + ^R~ 2No f \\Au(t)\\ 2 2 dt < c 0 R 2No \\u(0)\\l +c 0 f \\f(t)\\ldt. 

0 <t<T 4 J o J o 

which proves (12121) . 

□ 

□ 
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